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Abstract
Growth of quantum-confined semiconductor structures is a complicated process that may lead
to imperfect and complex shapes as well as geometrical nonuniformities when comparing a
large number of intended identical structures. On the other hand, the possibility of tuning the
shape and size of nanostructures allows for extra optimization degrees when considering
electronic and optical properties in various applications. This calls for a better understanding of
size and shape effects. In the present work, we express the one-band Schrödinger equation in
curved coordinates convenient for determining eigenstates of curved quantum-wire and
quantum-dash structures with large aspect ratios. Firstly, we use this formulation to solve the
problem of single-electron and single-hole states in curved nanowires. Secondly, exciton states
for the curved quantum-wire Hamiltonian problem are found by expanding exciton eigenstates
on a product of single-particle eigenstates. A simple result is found for the Coulomb matrix
elements of an arbitrarily curved structure as long as the radius-of-curvature is much larger than
the cross-sectional dimensions. We use this general result to compute the groundstate exciton
binding energy of a bent nanowire as a function of the bending radius-of-curvature. It is
demonstrated that the groundstate exciton binding energy increases by 40 meV as the
radius-of-curvature changes from 20 to 2 nm while keeping the total length (and volume) of the
nanowire constant.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Progress in semiconductor nanostructure growth has made it
possible to design quantum-wire and quantum-dash structures
of almost arbitrary shape and size [1–8]. It is well known
experimentally and theoretically that spatial confinement
strongly affects electronic and optical properties. Such
confinement effects have led to considerable improvement in,
for example, semiconductor lasers in terms of low threshold
current, high modulation bandwidth, high differential gain, and
small linewidth enhancement factor [9–11].

While size effects and implications for electronic
eigenstates and associated energies are well understood,
shape effects are not. This is mainly due to the fact that
quasi-analytical parameter studies on more complex-shaped
structures are scarce in the literature. In this paper, we employ
a differential-geometry analysis so as to quasi-analytically
obtain eigenstates and energies of arbitrarily curved nanowires

subject to the condition that cross-sectional dimensions are
small as compared to the quantum-wire length. Three ordinary
differential equations in three curved coordinates u1, u2, u3

are derived which can be easily solved either completely
analytically in the three coordinates u1, u2, u3 or analytically
in two coordinates u1, u2 and quasi-analytically in the third
coordinate u3 [13, 14]. Next, we extend the analysis to
consider the influence of excitonic couplings [15–18] in curved
nanowires and obtain a simple Hamiltonian matrix problem
formulation by expanding eigenstates of the full (excitonic)
problem in eigenstates of the corresponding problem where
excitonic effects are discarded.

It is demonstrated as a case study that for a nanowire of
fixed total length and volume, constructed by interconnecting
two straight sections via a 90◦ circular-bent section, the
groundstate excitonic binding energy is strongly affected by
the radius-of-curvature R of the circular section. In actual fact,
the groundstate binding energy increases by around 40 meV as
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R decreases from infinity (equivalent to a straight nanowire) to
2 nm.

2. The one-band effective-mass equation in a tubular
neighborhood of a curve

In the first part of this section, we address electron and hole
single-particle eigenstates corresponding to a curved quantum-
wire structure in the framework of one-band �k · �p theory.
Carriers are, for simplicity, assumed to be completely confined
to the nanowire (infinite barriers). This assumption allows
us to obtain simple results for eigenenergies, eigenstates and
eventually excitonic binding energies even though in principle
an analogous procedure can be carried out accounting for band-
mixing effects and finite barriers, the latter corresponds to
quantum dots embedded in a substrate/matrix material with
a finite potential. Following the determination of single-
particle energy states, we next analyze the excitonic Coulomb
contribution to eigenstates by expanding the full Hamiltonian
in terms of eigenstates for the Hamiltonian problem where
Coulomb interactions are discarded. It is important to
emphasize that the approach followed in this work does not
require the exciton part of the Hamiltonian to be treated as a
perturbation.

In the following, a detailed account of the theory behind
conversion of the three-dimensional Schrödinger equation
in Cartesian coordinates to appropriate curved coordinates
(for which the problem reduces to the solution of three
ordinary differential equations (ODEs)) is given along with the
approximation of having small cross-sectional dimensions of
the nanowire structure. Next, the analytical solutions to two of
the ODEs are presented before providing three case studies for
the third ODE.

2.1. Quantum-wire axis—arc-length parametrization

Consider a nanowire structure where the axis is given as a
curve r(s) parametrized by arc length s. The tangent vector
t(s) = r′(s) = dr/ds is a unit vector field along the curve
and we can augment it with vector fields p(s) and q(s) along
the curve such that t(s),p(s),q(s) constitutes an orthonormal
frame at each point r(s) along the axis. Differentiation of the
identities

t · t = 1, p · p = 1, q · q = 1,

t · p = 0, t · q = 0, p · q = 0,

yields

2
dt
ds

· t = 0, 2
dp
ds

· q = 0,

2
dp
ds

· q = 0,
dt
ds

· p + t · dp
ds

= 0,

dt
ds

· q + t · dq
ds

= 0,
dp
ds

· q + p · dq
ds

= 0.

If we now let

a(s) = dt
ds

· p, b(s) = dt
ds

· q, c(s) = dp
ds

· q,

then we obtain the following equation

d

ds

[ t
p
q

]
=

[ 0 a b
−a 0 c
−b −c 0

][ t
p
q

]
. (1)

Observe that the curvature κ of the axis is:

κ(s) = ∣∣r′′(s)
∣∣ = ∣∣t′(s)∣∣ =

√
a2 + b2. (2)

One way of obtaining vector fields p,q is to let p be the
principal normal n = t′/κ and let q be the binormal b = t × n.
In this case (1) becomes the Frenet–Serret equations [12],
where a = κ , b = 0 and c = τ the torsion of the axis.

We can now parametrize a tube around the axis, i.e. a
tubular neighborhood in R

3 of the curve r(s), according to:

x(u1, u2, u3) = r(u1)+ u2p(u1)+ u3q(u1). (3)

The Laplace operator �R3 = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 in R
3 is in

curvilinear coordinates u1, u2, u3 given by [13]

�R3 = Gi j∂i∂ j +
(

Gi j

2

∂ j G

G
+ ∂ j G

i j

)
∂i , (4)

where ∂i = ∂
∂ui , [Gi j]−1 = [Gi j ] and Gi j = ∂xi

∂ui · ∂x j

∂u j is the
metric tensor. Neglecting operator contributions proportional
to u2 or u3 in the Laplacian (assuming the quantum-wire cross-
sectional dimensions to be much smaller than the quantum-
wire length), we find [13]:

�R3 = Gi j∂i∂ j +
(

Gi j ∂ j G

2G
+ ∂ j G

i j

)
∂i

≈ ∂2
1 + ∂2

2 + ∂2
3 − a(u1)∂2 − b(u1)∂3. (5)

Next, introduce

F = √
G = 1 − u2a(u1)− u3b(u1), (6)

and let χ = √
Fψ . Then we have, again to zeroth order in

u2, u3,

�R3ψ ≈ ∂2
1χ + ∂2

2χ + ∂2
3χ + κ2

4
χ. (7)

At this point it is important to emphasize that the result
for the Laplace operator given by equation (7) shows that the
solution to the Schrödinger equation χ can be separated in two
parts f and g according to χ(u1, u2, u3) = f (u1)g(u2, u3) for
any cross-sectional shape of the nanowire structure.

With the determination of the Laplace operator in curved
coordinates ui(i = 1, 2, 3), the Schrödinger equation for a
quantum-mechanical particle of mass m and energy E reads
(applies to zeroth order in u1 and u2):

−h̄2

2m

(
∂2

1χ + ∂2
2χ + ∂2

3χ + κ2

4
χ

)
+ V (u1, u2, u3)χ = Eχ,

(8)
and the potential V satisfies:

V (u1, u2, u3) = 0, (9)

if (u1, u2, u3) is a point within the nanowire structure, i.e. the
domain −ε2 � u2 � ε2, and −ε3 � u3 � ε3 in the

2
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case of a nanowire having a rectangular-shaped cross-section.
Similarly, the potential V is assumed infinite outside the
nanowire structure.

As the curvature κ is a function of u1 only it
is immediately apparent that a separable solution χ =
χ1(u1)χ2(u2)χ3(u3) can be sought. Insertion into equation (8)
gives

∂2
1χ1 +

(
κ2

4
− λ− μ

)
χ1 = 0, (10)

∂2
2χ2 + c2χ2 = 0, (11)

∂2
3χ3 + (

μ− c2
)
χ3 = 0, (12)

with λ = − 2mE
h̄2 and c3 and μ are separation constants.

We also note the interesting fact that the form of the three
ordinary differential equations (equations (10)–(12)) as well as
associated boundary conditions (i.e. energies and eigenstates)
are unchanged if the nanowire cross-section rotates with
varying u1 in the present approximation. This is so because
varying the directions of the vectors p and q with u1 does
not influence the form of equations (10)–(12) or the boundary
conditions.

2.2. Quantum-wire axis—general parametrization

In general, it is difficult to find an explicit arc-length
parametrization r(s). Hence, we need to account for a general
parametrization r(t) with t = t (s) and |r′(t)| �= 1 as follows:

d

ds
= dt

ds

d

dt
=

(
ds

dt

)−1 d

dt
, (13)

dχ1

ds
=

(
ds

dt

)−1 dχ1

dt
, (14)

d2χ1

ds2
=

(
ds

dt

)−1 d

dt

((
ds

dt

)−1 dχ1

dt

)

=
(

ds

dt

)−2 d2χ1

dt2
−

(
ds

dt

)−3 d2s

dt2

dχ1

dt
. (15)

Now

ds

dt
= |r′(t)| = √

r′ · r′, (16)

d2s

dt2
= r′ · r′′

√
r′ · r′ , (17)

κ2 = |r′ × r′′|2
|r′|6 = (r′ × r′′) · (r′ × r′′)

(r′ · r′)3

= |r′|2|r′′|2 − (r′ · r′′)2

(r′ · r′)3
. (18)

In other words, in terms of an arbitrary parametrization of the
curve, equation (10) becomes

χ ′′
1 − r′ · r′′

r′ · r′ χ
′
1 +

(
(r′ · r′)(r′′ · r′′)− (r′ · r′′)2

4(r′ · r′)2

− (λ+ μ)(r′ · r′)
)
χ1 = 0. (19)

2.3. Solutions to the χ2 and χ3 equations

The equations in χ2 and χ3 can be solved immediately. Firstly,
the general solution to equation (11) in χ2 is

χ2(u
2) = sin

(
cu2 + φ2

)
, (20)

where c and φ2 are constants determined by the Dirichlet
boundary conditions imposed, i.e.

χ2(−ε2) = sin
(−cε2 + φ2

) = 0,

χ2(ε
2) = sin

(
cε2 + φ2

) = 0.
(21)

These conditions require

c = m ′π
2ε2

, (22)

where m ′ is an integer different from zero. The other constant,
the phase φ2, is next chosen such that

φ2 = −cε2, (23)

and both Dirichlet conditions in equation (21) are now fulfilled.
Apparently, when m ′ is even (and different from zero), χ2

becomes

χ2(u
2) = sin

(
m ′π
2ε2

u2

)
, (24)

while for m ′ odd:

χ2(u
2) = cos

(
m ′π
2ε2

u2

)
. (25)

Similar arguments applied to equation (12) show that

μ− c2 =
(

n′π
2ε3

)2

, (26)

where n′ is an integer different from zero. The eigenfunction
χ3 is (when n′ is even (and different from zero))

χ3(u
3) = sin

(
n′π
2ε3

u3

)
, (27)

while for n′ odd:

χ3(u
3) = cos

(
n′π
2ε3

u3

)
. (28)

Now, combining equations (22) and (26) allows μ to be
specified

μ =
(

m ′π
2ε2

)2

+
(

n′π
2ε3

)2

, (29)

with m ′ = ±1,±2,±3 and n′ = ±1,±2,±3. The possible
values of the particle energy E are finally found from the χ1

eigenvalue equation (equation (10)) by imposing appropriate
boundary conditions given the value of μ (obtained from
equation (29)).

3
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3. Case studies

In order to show the application of the theory developed
above, we consider three cases: a straight nanowire, a circular
nanowire, and a helical nanowire. Parametrizations and
curvature values as a function of the u1 coordinate needed
in deriving the χ1 differential equation will be determined.
We emphasize that a similar procedure can be carried out
for an arbitrary parametrization using equation (19) instead of
equation (10).

3.1. Straight quantum-wire axis

The straight quantum-wire parametrization is simply:

r(u1) = (u1, 0, 0), (30)

giving
|r′(u1)| = 1, |r′′(u1)| = 0, (31)

i.e. the parametrization is a parametrization by arc length.
Hence, we may use the simpler equation (10) so as to determine
χ1.

Since |r′′(u1)| = 0, the curvature is zero and equation (10)
reads

χ ′′
1 − (λ+ μ) χ1 = 0. (32)

3.2. Circular quantum-wire axis

Consider next the circular-shaped quantum-wire axis with
parametrization

r(u1) =
(

R cos

(
u1

R

)
, R sin

(
u1

R

)
, 0

)
, (33)

where R is the radius of the circle and

|r′(u1)| = 1, |r′′(u1)| = 1

R
. (34)

Since the circular-shaped quantum-wire axis of radius R is
parametrized by arc length we may again use the simpler
equation (10) to determine χ1:

χ ′′
1 −

(
λ+ μ− 1

4R2

)
χ1 = 0, . (35)

3.3. Helical quantum-wire axis

A helical quantum-wire axis parametrization is:

r(u1)

=
(

a cos

(
u1

√
a2 + b2

)
, a sin

(
u1

√
a2 + b2

)
,

bu1

√
a2 + b2

)
,

(36)

where a is the radius and 2πb is the pitch length. Thus,

|r′(u1)| = 1, |r′′(u1)| = a

a2 + b2
, (37)

and an arc-length parametrization is obtained such that
equation (10) applies:

χ ′′
1 −

(
λ+ μ− a2

4
(
a2 + b2

)2

)
χ1 = 0. (38)

The solution to the above equations is specified by the
boundary conditions imposed. For a finite nanowire of length
L with u1 parameter range 0 < u1 < L, subject to an infinite-
barrier potential outside the nanowire, the boundary conditions
read:

χ1(u
1 = 0) = χ1(u

1 = L) = 0. (39)

The above three cases are presented to demonstrate how
easy the differential-geometry approach is to apply. In
section 5, we combine the above wavefunction and energy
eigenvalue results for the straight-line and circular quantum-
wire axis cases to determine, in a simple way, exciton binding
energies. We also point out that the circular region considered
in section 5 could be replaced by a helix region or another
curved region and addressed in a similar efficient way.

4. Computation of exciton binding energies

Let us proceed to determine a simple expression for the
groundstate exciton binding energy assuming that electron and
hole states both obey a one-band effective-mass equation. The
one-band model equation for particles of mass m moving in
a potential V is given by equation (8). In the preceding
analysis, we have assumed that V only accounts for material
confinement discarding the Coulomb interaction with other
charged particles. Hence, the outputs of the above analysis
are the single-particle envelope functions φk

e (electrons) and
φl

h (holes) and the corresponding single-particle energies Ek
e

(electrons) and El
h (holes).

For the exciton problem, the Coulomb interaction-energy
contribution Vcou to the potential V reads:

Vcou = 1

4πε

1

|�re − �rh| , (40)

where �re, �rh and ε denote the electron position vector, the hole
position vector and the material permittivity, respectively.

We now compute the two-particle Coulomb matrix
elements:

V klmn
cou = 〈φm

e φ
n
h |Vcou|φk

eφ
l
h〉

=
∫

V
d�re

∫
V

d�rh φ
m∗
e (�re)φ

n∗
h (�rh)

1

4πε|�re − �rh|
× φk

e (�re)φ
l
h(�rh). (41)

The two-particle Hamiltonian for non-interacting electrons and
holes: H0, acting on product states of single-particles, fulfils:

H0|φk
eφ

l
h〉 = Ekl

0 |φk
eφ

l
h〉, (42)

where Ekl
0 is the pair energy of non-interacting electrons and

holes in states k and l, respectively. Evidently, the pair energy
is given by the sum of single-particle energies found by solving
equation (10) as described above. We also have:

H = H0 + Vcou, (43)

4
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H |ψi〉 = Ei |ψi 〉, (44)

where H , |ψi〉 and Ei are the total Hamiltonian including
the Coulomb exciton interaction, the corresponding eigenstates
and eigenenergies, respectively. Next, expanding |ψi 〉 of the
excitonic problem in pairs of single-particle states |φk

eφ
l
h〉:

|ψi 〉 =
∑

k

∑
l

akl
i Ekl

0 |φk
eφ

l
h〉, (45)

with akl
i the expansion coefficients, we obtain:

〈φm
e φ

n
h |H0|ψi 〉 = amn

i Emn
0 , (46)

〈φm
e φ

n
h |Vcou|ψi〉 =

∑
k

∑
l

akl
i V klmn

cou . (47)

Solutions |ψi 〉 and Ei are now easily found by solving the
secular equation:

||H − Ei || = 0, (48)

where || · || denotes the matrix determinant in a truncated set
of coefficients akl

i . Generally speaking, for the (energetically)
lower-lying states, usually only coefficients in a small set of
(energetically) lower-lying pair states |φk

eφ
l
h〉 suffice to obtain

an accurate solution.
The computation of exciton integrals V klmn

cou is conve-
niently done by separating the integral in two parts: I klmn

1 , cor-
responding to (∗):|�re − �rh| � 2ε2, 2ε3 and the rest I klmn

2 =
V klmn

cou − I klmn
1 . The criterion (∗) is satisfied for z = u1

e − u1
h

if |z| > �, where � is a numerical tuning parameter. In the
computations, it was verified that V klmn

cou is insensitive to the
precise value of � as required. The two integrals I klmn

1 and
I klmn
2 (apart from a prefactor 1

4πε ) now read:

I klmn
1 =

∫ �

−�
dz

∫ L

0
du1

h Fklmn
1 (z, u1

h)

∫ ε2

−ε2

du2
e

∫ ε2

−ε2

du2
h

×
∫ ε3

−ε3

du3
e

∫ ε3

−ε3

du3
h Fklmn

2 (u2
e, u2

h)F
klmn
3 (u3

e, u3
h)

× 1√(�r(z + u1
h)− �r(u1

h)
)2 + (

u2
e − u2

h

)2 + (
u3

e − u3
h

)2
,

Fklmn
1 (z, u1

h) = χm∗
e,1 (z + u1

h)χ
n∗
h,1(u

1
h)χ

k
e,1(z + u1

h)χ
l
h,1(u

1
h),

Fklmn
2 (u2

e, u2
h) = χm∗

e,2 (u
2
e)χ

n∗
h,2(u

2
h)χ

k
e,2(u

2
e)χ

l
h,2(u

2
h),

Fklmn
3 (u3

e, u3
h) = χm∗

e,3 (u
3
e)χ

n∗
h,3(u

3
h)χ

k
e,3(u

3
e)χ

l
h,3(u

3
h),

(49)

I klmn
2 =

(∫ −�

−L
dz +

∫ L

�

dz

)

×
∫ L

0
du1

h

Fklmn
1 (z, u1

h)

|�r(z + u1
h)− �r(u1

h)|
×

∫ ε2

−ε2

du2
e

∫ ε2

−ε2

du2
h

∫ ε3

−ε3

du3
e

∫ ε3

−ε3

du3
h

× Fklmn
2 (u2

e, u2
h)F

klmn
3 (u3

e, u3
h),

Fklmn
1 (z, u1

h) = χm∗
e,1 (z + u1

h)χ
n∗
h,1(u

1
h)χ

k
e,1(z + u1

h)χ
l
h,1(u

1
h),

Fklmn
2 (u2

e, u2
h) = χm∗

e,2 (u
2
e)χ

n∗
h,2(u

2
h)χ

k
e,2(u

2
e)χ

l
h,2(u

2
h),

Fklmn
3 (u3

e, u3
h) = χm∗

e,3 (u
3
e)χ

n∗
h,3(u

3
h)χ

k
e,3(u

3
e)χ

l
h,3(u

3
h),

(50)

Figure 1. Schematics of the quantum-wire geometry considered as a
case study in this work. The nanowire is composed of two straight
sections interconnected by a 90◦ circular-bent section. For the test
case considered, the total quantum-wire length is L = 200 nm and
the quantum-wire diameter 2R is 2 nm.

In writing the expression for I klmn
1 we have used that p(u1

h +
z) ≈ p(u1

h) and q(u1
h + z) ≈ q(u1

h) as the radius-of-curvature
everywhere is much larger than �. Moreover, � is required to
be much larger than the cross-sectional dimensions. Hence the
restrictions in writing V klmn

cou as I klmn
1 + I klmn

2 are:

2ε2, 2ε3  �, �  R(u1), (51)

where 0 � u1 � L. To simplify computations even more,
we used an approximation for the denominator appearing in
equation (49):

1√
(�r(z + u1

h)− �r(u1
h))

2 + (u2
e − u2

h)
2 + (u3

e − u3
h)

2

= 1

γ

√
ε2

2 + ε2
3 + |z|

, (52)

where γ is a constant (it was verified numerically that γ =
0.11 gave good agreement). This procedure is similar to the
one used in [19].

5. Numerical results and discussions

Consider the quantum-wire structure depicted in figure 1
composed of two straight sections interconnected by a circular-
bent section. All three quantum-wire sections have the same
cross-sectional geometry. We will choose the u1 reference at
the center of the nanowire, i.e.

u1 � −π
4

R; left straight section,

−π
4

R � u1 � π

4
R; circular section,

u1 � π

4
R; right straight section.

(53)

5
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Figure 2. Plot of the single-particle electron energy (upper figure)
and hole energy (lower figure) as a function of the
radius-of-curvature for the quantum-wire structure shown in figure 1.
The solid and dashed lines correspond to finite element and
differential-geometry results, respectively. Energy contributions from
confinement along the u2 and u3 directions are not included (refer to
section 2.3 for the analytical expressions of these contributions).
Units are meV and nm for energies and lengths, respectively.

We assume, for simplicity, that electrons and holes obey a
one-band effective-mass equation subject to infinite-barrier
potentials outside the nanowire. This simplification allows
us to emphasize the importance of curvature effects on
eigenstates, eigenenergies, and excitonic binding energies
instead of intermixing this with effects due to band mixing
and incomplete confinement, effects that are well known
and have been addressed to a large extent in the literature.
We assume the nanowire to be made of GaAs with an
electron effective mass of 0.067me, heavy hole effective
mass of 0.45me, and a relative permittivity of 12.5 (me

denotes the free electron mass) [20]. It is important to
realize that the effective-mass approximation employed here
is not reliable when quantum-wire diameters decrease below
2 nm, i.e. for wire radii below approximately 1 nm. In
actual fact, inaccuracies of the k · p envelope function
approximation results have been demonstrated in, for example,
SnGe quantum-well superlattices when the individual layer
thicknesses are a few number of lattice constants only (1–4
lattice constants) [21]. In the present work, since the radius-of-
curvature is always higher than the quantum-wire radius, we
do not expect additional limitations in using the EMA method
due to the curvature of the quantum-wire. We emphasize

Figure 3. Plot of the exciton binding energy evaluated between
single-particle electron and hole groundstates and the groundstate
exciton binding energy as a function of the radius-of-curvature. The
solid and dashed lines correspond to finite element and
differential-geometry results, respectively. The dashed–dotted lines
are differential-geometry results where no additional assumptions on
the Coulomb element have been made, i.e. instead of using the
approximate equations (49)–(52) we carry out the full
six-dimensional integration. The quantum-wire structure considered
is plotted in figure 1. The computed results are for L = 200 nm.
Units are meV and nm for energies and lengths, respectively.

that the quantum-wire diameter 2R used in the computations
is 2 nm but the same trend in binding energy is found at
higher radii. Experimentally, it is possible to fabricate GaAs
quantum wires with such small diameters [8] and it is known
that they are quite flexible. Hence, we choose in the following
to compute energies down to a radius-of-curvature equal to
2 nm knowing well that the approximations in computing the
Coulomb matrix elements (equations (49) and (50)) do not
strictly apply down to 2 nm (we emphasize here that we also
perform a full six-dimensional Coulomb-integral calculation
where this approximation is not used).

Note also that we use for simplicity the bulk dielectric
constant. However, it is important to stress that the
effective dielectric constant of a nanostructure depends
on the nanostructure geometry and material composition
(refer to e.g. empirical pseudopotential and tight-binding
calculations [22, 23]). Recently, a Thomas–Fermi model
has been proposed [24] to obtain analytical results for the
effective dielectric constant accounting for surface charge- and
confinement effects of a semiconductor nanocrystal.

In figure 2, a plot of the groundstate electron (upper figure)
and hole (lower figure) single-particle energies (discarding the
Coulomb interaction) is plotted versus the radius-of-curvature
R of the circular-bent section subject to a fixed total quantum-
wire length L. Evidently, the groundstate energy (for electrons
and holes) increases substantially with the decrease of the
radius-of-curvature (note that the dependence is exactly as
R−2). We point out that this result is an analytical result using
the fact that the straight- and circular-wire section problems
can be solved and connected analytically (refer to sections 3.1
and 3.2 for the relevant ODEs).

In figure 3, the excitonic binding energy (lower figure),
evaluated in the pair state formed between single-particle
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groundstates of electrons and holes, is shown as a function
of the radius-of-curvature of the circular-bent section. This
matrix element is computed as the sum of integrals I 1111

1
and I 1111

2 using equations (49) and (50). Since all states
but the single-particle groundstates are extended states (not
exponentially decaying outside the circular section of the
nanowire), V klmn

cou → 0 as L → ∞ whenever one of the
indices k, l,m, n is different from 1. This fact guarantees that
the groundstate exciton energy becomes:

Eexc
ground = E1

e + E1
h + V 1111

cou , (54)

as L → ∞. Observe that the groundstate binding energy
increases by approximately 40 meV as the radius-of-curvature
decreases from 20 to 2 nm. The value of the binding energy
due to quantum-wire bending is thus significant and will lead to
important changes in, for example, photoluminescence spectra
with varying degree of quantum-wire bending. In actual
fact, the quantum-wire bending leads to spatial confinement
of single-particle electron and hole groundstates at the bent
section. This, in turn, leads to an enhanced groundstate exciton
binding energy due to the small electron–hole distance (as a
consequence of localized electron and hole groundstates) and
the attractive Coulomb interaction.

5.1. Validation of the approach

For validation purposes, we have also carried out finite element
method (FEM) calculations for the structure discussed in the
previous section using the one-band model for electrons and
holes but without any further approximations. As the FEM
calculations can be carried out on finite domains only we have
chosen to look at 200 nm long nanowires. The single-particle
energies found using FEM are shown in figure 2 together with
differential-geometry results. We observe that the differential-
geometry and FEM approaches give very similar results, hence
the former, due to its simplicity, is clearly useful for such
structures.

We have also calculated the Coulomb element V 1111
cou

without further approximations. In figure 3, we show the
resulting binding energies as a function of the radius-of-
curvature together with the binding energies found using the
approach described in section 4. We again find good agreement
between FEM results and differential-geometry results for
small values of the radius-of-curvature. For larger radius-
of-curvature values FEM calculations give higher binding
energies. The higher binding energies are due to the finite
length of the nanowire in the FEM calculations and are not
a failure of the differential-geometry approach. Indeed, this
has been checked by doubling the length of the nanowire and
observing that the energies approach the differential-geometry
results. The present work thus demonstrates that we not only
capture single-particle energies with the simpler differential-
geometry but also wavefunction related properties such as
exciton binding energies.

We have also checked the approximations made in the
Coulomb element calculations by directly evaluating the six-
dimensional Coulomb integral using the wavefunctions found
with the differential-geometry approach. The resulting binding

energies as a function of the radius-of-curvature are shown as
the dashed–dotted line in figure 3. Evidently, we capture the
overall behavior using the proposed simplifications.

6. Benefits in using the differential-geometry
approach

We point out that the differential-geometry approach presented
allows for simplifications of the original three-dimensional
Schrödinger equation for a complex-shaped nanowire structure
to a single ordinary differential equation, in some cases allow-
ing a completely analytical solution to be found. Furthermore,
the use of the differential-geometry approach in combination
with additional (numerically justified) assumptions reduces the
original six-dimensional integral in the exciton binding energy
calculation to a one-dimensional integral. This clearly high-
lights the potential of the present approach.

7. Conclusions

A simple method for determining the exciton binding energy
of arbitrarily complex-shaped quantum-wire structures is
presented by use of differential-geometry. The model allows
us to express excitonic Coulomb matrix elements in curved
coordinates which can be evaluated rather easily for a number
of bent quantum-wire structures. As a case study, a nanowire
composed of two straight sections interconnected by a 90◦
circular section is analyzed in detail. It is shown that the
bending of the circular section leads to significant changes
in the groundstate exciton binding energy of approximately
40 meV as the radius-of-curvature changes from 20 to
2 nm while keeping the total length and volume constant.
Such changes will manifest themselves in photoluminescence
spectra of curved quantum-wire structures.

References

[1] Masumoto Y and Takagahara T (ed) 2002 Semiconductor
Quantum Dots: Physics, Spectroscopy, and Applications
(New York: Springer)
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